In this paper we complete the determination of the index of factoriality of moduli spaces of semistable sheaves on an abelian or projective K3 surface S. If v 2w is a Mukai vector, w is primitive, w 2 2 and H is a generic polarization, let MvÔS, HÕ be the moduli space of H¡semistable sheaves on S with Mukai vector v. First, we describe in terms of v the pure weight-two Hodge structure and the Beauville form on the second integral cohomology of the symplectic resolutions of MvÔS, HÕ (when S is K3) and of the fiber KvÔS, HÕ of the Albanese map of MvÔS, HÕ (when S is abelian). Then, if S is K3 we show that MvÔS, HÕ is either locally factorial or 2¡factorial, and we give an example of both cases. If S is abelian, we show that MvÔS, HÕ and KvÔS, HÕ are 2¡factorial.
Introduction and notations
The study of the local factoriality of moduli spaces of sheaves on smooth, projective varieties is a problem which appears naturally when one wants to study their Picard group. The question of local factoriality has been adressed and solved in some cases.
In [7] Drézet and Narasimhan show that the moduli space U C Ôr, dÕ of semistable vector bundles of rank r and degree d on a smooth, projective curve C of genus g 2, is locally factorial. The same result is proved even for the moduli space U C Ôr, LÕ of semistable vector bundles or rank r and determinant L È P icÔCÕ.
If G is a semisimple group, the moduli space M G of semistable principal G¡bundles on a smooth, projective curve is locally factorial if and only if G is special in the sense of Serre: this is due to Beauville, Laszlo and Sorger for G classical or G G 2 (see [13] , [2] , [12] ), and to Sorger (see [25] ) and Boysal, Kumar (see [4] ) for exceptional G.
In [5] Drézet shows that the moduli space M Ôr, c 1 , c 2 Õ of semistable sheaves on P 2 of rank r 2 and Chern classes c 1 and c 2 is locally factorial. In [6] , Drézet studies the moduli space M H Ôr, c 1 , c 2 Õ of H¡semistable sheaves on a rational, ruled surface S: he conjectures that it is locally factorial whenever the polarization H is generic, otherwise he presents an explicit example of non locally factorial moduli space. In [26] and [27] , Yoshioka shows that the moduli space M H Ôr, c 1 , c 2 Õ of semistable sheaves on a ruled, non-rational surface is locally factorial whenever H is generic.
More recently, Kaledin, Lehn and Sorger in [11] showed the local factoriality of a large class of moduli spaces of sheaves over projective K3 or abelian surfaces: in their work, the local factoriality plays a major role in order to avoid the existence of symplectic resolutions of the moduli space.
The aim of this paper is to study the local factoriality of the remaing cases of moduli spaces of H¡semistable sheaves on an abelian or projective K3 surface with generic polarization. In the following, S will denote an abelian or projective which inherits a pure weight-two Hodge structure from the one on Ö
HÔS, ZÕ.
If F is a coherent sheaf on S, its Mukai vector is vÔF Õ : chÔF Õ tdÔSÕ. Let H be a polarization and v a Mukai vector on S. We write M v ÔS, HÕ (resp. M s v ÔS, HÕ) for the moduli space of H¡semistable (resp. H¡stable) sheaves on S with Mukai vector v. If no confusion on S and H is possible, we drop them from the notation.
From now on, we suppose that H is a v¡generic polarization (for a definition, see [22] ). We write v mw, where m È N and w is a primitive Mukai vector on S. It is known that if M s v À, then M s v is smooth, quasi-projective, of dimension v 2 2 and carries a symplectic form (see Mukai [15] ).
If S is an abelian surface, a further construction is necessary. Choose F 0 È M v ÔS, HÕ, and define a v : M v ÔS, HÕ S ¢ Ô S in the following way (see [29] 0, then M w is either a projective K3 surface or an abelian surface, and M v is isomorphic to the m¡th symmetric product M ÔmÕ w . Hence, it is 2¡factorial: as we did not find any reference for this, we included the proof in section 2.
Sections 3 and 4 are devoted to the factorialiy index of the last case: m 2 and w 2 2, i. e. ÔS, v, HÕ is an OLS-triple following the terminology of [22] . A particular case is given by the moduli spaces M 10 and K 6 described by O'Grady in [19] and [20] , which are known to be 2¡factorial by [21] . We recall that if ÔS, v, HÕ is on OLS-triple, then M v (resp. K v ) admits a symplectic resolution M v (resp. Ö K v ) (see [14] ). In [22] we proved that M v and Ö K v are irreducible symplectic manifolds, and we showed that H 2 ÔM v , ZÕ and H 2 ÔK v , ZÕ have a pure weight-two Hodge structure, a lattice structure, and they are Hodge isometric to v Ã .
As a first step to compute the index of factoriality of M v and K v , we use the results of [22] to calculate the pure weight-two Hodge structure and the lattice structure on H 2 Recall on factoriality and on the O'Grady examples
In this section we recall some basic elements about the notions of local factoriality and of 2¡factoriality, and we resume some basic results about the O'Grady examples introduced in [19] and [20] that will be used in the following. Moreover, we recall the definition of OLS-triple and the main results of [22] .
Factoriality
Let X be a normal, projective variety. ÔXÕ P icÔU Õ. A particular case is when U is the smooth locus of X, as X is normal. In this case, we have P icÔXÕ P icÔU Õ: it follows that if π : Ö X X is a resolution of the singularities, then π ¦ : P icÔXÕ P icÔ Ö XÕ is injective.
As we recalled in the introduction, if S is an abelian or K3 surface, v mw is a Mukai vector on S such that w is primitive and w 0, the moduli space M v ÔS, HÕ is isomorphic to M ÔmÕ w , the m¡th symmetric product of M w , which is either a K3 surface (if S is K3) or an abelian surface (if S is abelian). It follows that M v is 2¡factorial: as we did not find any reference for this, we included the proof in the following example.
Example 2.2. Let S be a smooth projective complex surface, and n È N, n 2. The n¡th symmetric product S ÔnÕ is singular, and its singular locus ∆ has codimension 2 in S ÔnÕ . Let Hilb n ÔSÕ be the Hilbert scheme of n¡points on S, and let ρ n : Hilb n ÔSÕ S ÔnÕ be the Hilbert-Chow morphism. By [8] , we have that ρ n is a resolution of the singularities, and we write E for the exceptional divisor, which is irreducible.
To show that S ÔnÕ is 2¡factorial, we consider the following commutative diagram:
σn is the group of the line bundles on S n which are invariant under the action of the symmetric group σ n , the morphism f is the identity on P icÔS n Õ σn , and j and g are two natural morphisms (for a definition, see [8] ).
The morphism ρ ¦ n is injective (see Remark 2.1), the morphism j is surjective by Lemma 6.1 of [8] , and by Theorem 6.2 of [8] g is an isomorphism such that gÔOÔEÕÕ Ô0, 2Õ. From this, it follows that
where A È P icÔHilb 
where ιÔ1Õ : OÔEÕ, so that 
Recall on the O'Grady examples
We now recall some basic elements of the two O'Grady examples. We start with the 10¡dimensional one: let X be a projective K3 surface such that P icÔXÕ 
We have
H 2 Ô M 10 , ZÕ Ö µÔH 2 ÔX, ZÕÕ Z ¤ c 1 Ô Ö ΣÕ Z ¤ c 1 Ô Ö
The morphisms λ v and ν v are constructed in section 3.2 of [22] . Remark 2.6. If ÔS, v, HÕ is an OLS-triple and S is K3, it follows from point 1 of Theorem 2.5 that the morphism
is an injective Hodge morphism which is an isometry onto its image. If S is abelian, we still have a morphism
As a consequence of point 2 of Theorem 2.5, we have that Ö ν v is an injective Hodge morphism which is an isometry ontro its image. We even remark that
As a consequence of Theorem 2.5 we calculate the Picard groups of
Corollary 2.7. Let ÔS, v, HÕ be an OLS-triple. 
If S is abelian, there is an isomorphism
element whose Chern character is α, and j v : K v M v is the inclusion. The proof then goes as in the previous case, where one uses 3 The weight-two Hodge structure of the symplectic resolutions
In this section we calculate the weight-two Hodge structures on
, together with their Beauville form. This result is interesting even on its own, and it will be used in the remaining part of the paper to prove Theorems 1.1 and 1.2.
The first step to describe the weight-two Hodge structures on
ZÕ is to describe the lattice structures (with respect to the Beauville form) in terms of the Mukai vector v. In the following, we will make use of the notation Ã for the orthogonal sum of lattices, using it even for orthogonal direct sums of lattices whose bilinear symmetric form takes values in Q.
where ZÔ¡2Õ is the rank 1 lattice generated by an element of square ¡2), but more involved in the case of K3 surface.
For this purpose, we need to introduce some notations: let S be a projective K3 surface, and w È Ö HÔS, ZÕ a Mukai vector such that w 
The bilinear symmetric form on Ôv Ã Õ ¦ is the Q¡bilinear extension of the Mukai pairing on v Ã , and we denote it by Ô., .Õ Q : in general, it does not take values in Z, but surely in Q.
The morphism 
Remark 3.1. The submodule Γ v has a more explicit description as a submodule 
where by abuse of notation we still write Ö λ for the Q¡linear extension of Ö λ. Now, by definition of b v we have
and by point 2 of Theorem 2.3 we have 
ÔS, ZÕ, hence n È 2Z if and only if k È 2Z, i. e. n k is always even. By point 3 of Theorem 2.3 we have In particular, the symmetric bilinear form on Γ v is non-degenerate and takes values in Z. 
Using Theorem 2.4 it is easy to show that f v is an isometry.
We now state and prove the main result of this section, in which we describe the pure weight-two Hodge structure and the lattice structure of 
ÔSÕ. Notice that even the dual lattice Ôv Ã Õ ¦ has then a pure weight-two Hodge structure, as Ôv Ã Õ ¦ is a Z¡submodule of maximal rank of v Ã Q. Finally, we have a pure weight-two Hodge structure on Γ v as follows: This is a lattice which carries a natural pure weight-two Hodge structure as follows:
The main result of this section is the following:
Theorem 3.4. Let ÔS, v, HÕ be an OLS-triple.
If S is K3, then there is a Hodge isometry
f v : Γ v H 2 Ô M v , ZÕ.
If S is abelian, then there is a Hodge isometry
Proof. We use the following notations: first of all, we write v 2Ôr, ξ, aÕ. Moreover, if f : Y T is any morphism of schemes and L È P icÔY Õ, then we write
We divide the proof in two cases:
Case 1: S is a projective K3 surface. In this case we have a natural morphism
where here, by abuse of notation, we still denote Ö λ v the Q¡linear extension of
Notice that f v is a Hodge morphism, as σ and c 1 Ô Ö Σ v Õ are both Ô1, 1Õ¡classes and Ö λ v is a Hodge morphism. We are then left with verifying the following properties:
First of all, all these properties are verified in the case of M 10 , as shown in Remark 3.2. Now, recall that M v is deformation equivalent to M 10 , and this equivalence is obtained by using two kinds of transformations (see the proof of Theorem 1.6 of [22] ): one is the deformation of M v induced by a deformation of the OLS-triple ÔS, v, HÕ along a smooth, connected curve T ; the other is the isomorphism induced by some Fourier-Mukai transforms. It is then sufficient to show that the previous properties are stable under these transformations. For the first kind of transformations, consider T to be a smooth, connected curve, and ÔX , L , H Õ a deformation of the OLS-triple ÔS, v, HÕ along T . This is given by a smooth, projective family ϕ : X T of K3 surfaces such that X 0 S for some 0 È T , and by two line bundles L , H È P icÔX Õ such that H 0 H and L 0 L, where L È P icÔSÕ is such that c 1 ÔLÕ ξ. For every t È T we write ξ t : c 1 ÔL t Õ, v t : 2Ôr, ξ t , aÕ, and T ½ for the subset of T given by all the t È T such that ÔX t , v t , H t Õ is an OLS-triple.
We write φ : M T (resp. φ s : M s T ) for the relative moduli space of semistable (resp. stable) sheaves, Σ : M ÞM s and ψ : M T for the blow-up of M along Σ with reduced structure. By [22] we know that M t M vt ÔX t , H t Õ for every t È T ½ , and R 2 ψ ¦ Q is a local system on T , such that ÔR
Moreover, we have a local system V on T such that V t v Ã t for every t È T . This allows us to define a local system Γ ÔV QÕ Ã Q ¤Ôσß2Õ on T such that Γ t Γ vt for every t È T . By the construction of the morphism Ö λ v given in [22] , we have a morphism 
is commutative: the commutativity of the top diagram is shown in Lemma 3.11 of [22] , and the commutativity of the down diagram comes from the definition of Ö g. Notice that the Hodge isometry h extends to a Hodge isometry
where, by abuse of notation, we still write h for the Q¡linear extension of h. The commutativity of the diagram (2) then implies that the following diagram 
which is easily seen to be a Hodge morphism. We then just need to show that
that is an isomorphism of Z¡modules, and that it is an isometry. By Remark 3.3 these properties are verified in the case of Ö K 6 . To show them for every OLS-triple, the proof is formally the same as in the previous case.
Remark 3.5. A difference between M v for a K3 surface and Ö K v for an abelian surface is that in the first case the exceptional divisor is primitive, while in the second case it is divisible by 2. This follows from Theorem 3.4.
To see it more directly, recall that M v (resp. Ö K v ) is deformation equivalent to M 10 (resp. to Ö K 6 ), and the deformation equivalence is realized as recalled in the proof of Theorem 3.4. Following this deformation, we notice that the 
We have an exact sequence
where ιÔ1Õ : OÔ Ö Σ v Õ and r is the restriction morphism. From this exact sequence it follows that
Since the complement of M s v in M v has codimension 2, we have A The statement of Proposition 4.1 has an equivalent reformulation which gives a criterion for the local factoriality and for the 2-factoriality which is easier to verify in concrete situations. Before starting the proof, we introduce here some notations which will be useful in the following, namely the commutative diagrams: 
The 2¡factoriality of K v ÔS, HÕ
We begin by proving that K v ÔS, HÕ is 2¡factorial, showing then the first half of Theorem 1.2. The proof of the 2¡factoriality of K v ÔS, HÕ is similar to the one of Proposition 4.1. Moreover, here we want to stress the role of the line bundle 
By point 2 of Theorem 3.4 we have then
Now, we have an exact sequence
where ιÔ1Õ : OÔ Ö Σ v Õ and r is the restriction morphism. From this exact sequence and the fact that c 1 ÔOÔ Ö
Since the complement of K Proof. We have a finiteétale cover
where t p : S S is the translation by p. We use the following general fact in commutative algebra: if A and B are two Noetherian local rings and f : A B is a morphism of local rings giving to B the structure of a flat A¡module, then the natural morphism ClÔAÕ ClÔBÕ is injective (see Proposition 21.13.12 of EGA IV). Applying this to our situation, we see that if K v ¢ ÔS ¢ Ô SÕ is 2¡factorial, then M v is either locally factorial or 2¡factorial.
We are then left with showing that K v ¢ ÔS ¢ Ô SÕ is 2¡factorial. By Remark 5.3 of [3] we have that 
We have a similar description of the Picard group of
As S ¢ Ô S is smooth, we have that The strategy to prove the existence of such a line bundle will be the following:
first, we prove a criterion to determine if for a class
; then we provide a line bundle on M v whose first Chern class verifies such a criterion.
Criterion for the divisibility in H
we will see that it is sufficient to show that α is divisible by n when restricted to Ö K v and to a certain P 1 ¡bundle P M v . The first part of this section is devoted to the construction of such a P 1 ¡bundle. Let F È M w , so that F is an H¡stable sheaf of S with Mukai vector w.
Moreover, we consider the following morphisms: we write π 1 and π 2 for the two natural projections of S ¢ S, and p ij for the projection of S ¢ S ¢ Ô S to the product of the i¡th and of the j¡th factors. Finally, consider the morphism 
which is an M w ¡flat family of coherent sheaves on S ¢ M w . Moreover, it is a universal family: indeed, we have a morphism
as for every p È S and L È Ô S the sheaf t ¦ p F L is H¡stable of Mukai vector w. This is an isomorphism, as shown in section 1.2 of [28] , and U is now easily seen to be a universal family on S ¢ M w . Now, consider G È M w and let U ½ : U S¢ÔMwÞØGÙÕ . Let q 1 and q 2 be the two projections of S ¢ ÔM w ÞØGÙÕ respectively to S and to M w ÞØGÙ, and define
This is a locally free sheaf of rank 2, as showed in the following: 
ÔG, HÕ,
so that the rank of V is 2.
We now let
which is a P 1 ¡bundle over M w ÞØGÙ, and we show that P is contained in M v : Proposition 4.8. Let ÔS, v, HÕ be an OLS-triple such that S is an abelian surface. Let
There is an injective morphism t : P M v such that the following diagram
Proof. We first produce a tautological family H on S ¢P parameterizing extensions of sheaves H È M w ÞØGÙ by G. In section 2.2 of [20] , and in particular in Proposition 2.2.10, O'Grady gives a modular description of M v Þπ ¡1 v ÔSingÔΣ v ÕÕ, where SingÔΣ v Õ is the singular locus of Σ v : even if this description is proved for the Mukai vector Ô2, 0, ¡2Õ, it works in our general setting. Using such a modular description, the tautological family H induces an injective morphism t : P M v letting the diagram of the statement commute. To produce the tautological family H , we use the same procedure described in the Appendix of [21] . More precisely, we have the following commutative diagram S
and if T is the tautological bundle of P, then there is a canonical injective morphism s :
The morphism s defines then an element
Using the spectral sequence associated with the composition of functors, we have and exact sequence
The family H is the one we are looking for, as for every Q È P, restricting H to p ¡1 ÔQÕ we get the extension parameterized by Q.
We now state and prove the criterion for divisibility of classes in
Proof. It is immediate to see that if α To do so, notice that we have a commutative diagram
where by abuse of notation we write a w for the restriction to M w ÞØGÙ of the isomorphism a w : M w S ¢ Ô S. Since P is the projectivized of a rank 2 vector bundle V , from the Leray spectral sequence of the fibration p the morphism 
and we are done. First of all, recall that we defined a rank 2 vector bundle V on M w ÞØGÙ such that P PÔV Õ. S be the projection to the i¡th factor.
Consider the class β ½ : As a first step, following [11] we show that R 0 v is locally factorial by showing that it is locally complete intersection (we will write l.c.i. in the following) and regular in codimension 3, i. e. R 0 v has the property (R 3 ). By [11] we know that R v is l.c.i. As R As R 0 v is locally complete intersection and regular in codimension 3, by Corollaire 3.14 of Exposé XI in [9] we have that R 0 v is locally factorial. As remarked in [11] , this allows us to apply Théorème A of [6] to show that K v is locally factorial: K v is the quotient of R proved, we conclude the proof: as C is connected, the action of G on L C is via a constant character. As G is contained in the stabilizer of Öq ½ ×, its action on L Öq ½ × has to be trivial: this implies that the action of G on L Öq× is trivial, and we are done by Théorème A of [6] .
We are left with the proof of the claim. Consider the morphism h : 
